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In measurements of gas hold-up of oxygen and hydrogen as a function of the gas ¯ow rate it was
found that the gas hold-up e�u0g� depends on the type of electrolyte and its concentrations as well as
on the type of gas. Using an ultrasonic Doppler velocimeter, bubble rise velocities were investigated.
It was observed that the single bubble rise velocity in electrolyte solutions depended strongly on the
concentration. A model, developed to take into account the impediment to coalescence by electro-
lytes, was used to evaluate the dependence of gas hold-up on electrolyte concentration. An almost
linear correlation between the system speci®c parameter, emax, of this model and the ionic strength
was found. However, this correlation is not too accurate and can only be seen as a rough approx-
imation. Experimental results indicate that another mechanism is responsible for the dependence of
the gas hold-up on electrolyte concentration. Thus, a new model was derived, which incorporated
results of measurements of bubble rise velocities. This model was also applied to describe the gas
hold-up in di�erent electrolyte solutions as a function of gas ¯ow rate. It also includes a system-
speci®c parameter. The dependence of this parameter on the concentration of electrolytes was found
to be in accordance with current theories on the bubble coalescence.
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1. Introduction

In many electrochemical processes, such as the alkali
chloride and water electrolysis, gas evolution at
electrodes determines the e�ective conductivity of the
electrolyte. To estimate the IR-drop in an electro-
chemical cell knowledge of the gas hold-up is of
paramount importance [1±5]. Many investigations
have dealt with the dependence of the gas hold-up, e,
on gas ¯ow rate u0g in electrolyte solutions [2, 3, 5±18].
A number of di�erent models have been derived to
describe the dependence of e on u0g [3, 5±8, 10, 13, 14],
which do not take into account the coalescence of

bubbles. On the other hand the dynamics of the co-
alescence process have been investigated by other
authors [19±23]. Most investigations on the in¯uence
of the coalescence behaviour on the gas hold-up and
the interfacial area, depending on the concentration
and the type of electrolyte, either use empirical ap-
proaches to obtain correlations between the gas hold-
up and physico-chemical properties in the di�erent
electrolyte solutions [10] or interpret their data only
qualitatively [12, 15, 24]. In other studies the e�ect of
coalescence on the gas hold-up is considered as a
consequence of turbulent ¯ow [13, 14]. But coales-
cence also a�ects gas hold-up in homogenous bubble

*This paper was presented at the Fourth European Symposium on Electrochemical Engineering, Prague, 28±30 August 1996.
àDedicated to Prof. Dr Ulrich Ho�mann on the occasion of his 60th birthday.

List of symbols

Abc cross-sectional area of the bubble column
�m2�

Ags cross-sectional area of the gas sparger
�m2�

cb;i number of bubbles with diameter db;i per
unit volume �mÿ3�

db;i; db bubble diameter (m)
�db mean bubble diameter (m)
e gas hold-up
emax maximum gas hold-up
k coalescence impact parameter (m)
l length of coalescence zone (mm)

N number of bubble classes
mih, mjh, mkh `stoichiometric factors' of the coalescence

`reaction'
ub bubble rise velocity �cm sÿ1�
u0g, u0l super®cial gas (liquid) velocity �cm sÿ1�
us single bubble rise velocity �cm sÿ1�
us;cbm single bubble rise velocity from ®ts of the

coalescence barrier model �cm sÿ1�
us mean single bubble rise velocity �cm sÿ1�
usw rise velocity of a bubble swarm �cm sÿ1�
vc circulation velocity of eddy above the gas

sparger �cm sÿ1�
V total volume of the two phase system �m3�
z vertical distance to gas sparger (mm)
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¯ow [3, 5, 19]. Previous investigations indicate that a
coalescence barrier must exist in order to explain the
maximum gas hold-up observed in di�erent systems.
This maximum gas hold-up was found to depend not
only on the type of electrolyte, but also on the nature
of the gas [3, 5]. A de®ned correlation between the gas
hold-up maximum and other system speci®c param-
eters has not been determined to date. The coales-
cence barrier may be explained by the existence of
repulsive forces arising from an electric excess charge
at the bubble surface as found by Fukui and Yuu
[25], Brandon et al. [26] and Kelsall et al. [27] from
electrophoretic measurements on single bubbles.

This work aims to gain detailed information on the
gas hold-up in di�erent electrolytes containing Li�,
Na�, K� or H� as cations and Clÿ, SO2ÿ

4 , OHÿ as
anions. To study the gas hold-up of oxygen and hy-
drogen under well de®ned conditions over a wide
range of gas ¯ow rates, systematic measurements were
carried out using a bubble column at laboratory scale.

2. Fundamental theory

For a comprehensive representation of theoretical
models it is useful to provide a brief de®nition of the
most important quantities:

(i) Gas hold-up, e, is the fraction of volume occu-
pied by bubbles, e � NbVb=V .

(ii) Super®cial gas velocity, u0g, is de®ned as
u0g � _Vgas=Abc

(iii) Super®cial liquid velocity, u0l , is de®ned as
u0l � _Vliquid=Abc.

(iv) Single bubble rise velocity, us, is the velocity
achieved by a single bubble in an in®nite liquid.
This velocity is sometimes called the slip velocity
because it is the relative velocity between a gas
bubble and the quiescent liquid.

(v) Rise velocity, usw, of a swarm of bubbles in a
quiescent liquid is the velocity a swarm of bub-
bles will have when the gas supply is shut o� and
the liquid above is at rest.

(vi) Rise velocity, ub, is the actual vertical velocity of
a gas bubble in any gas±liquid system.

An axisymmetric volume, V , will be considered as
a frame of reference. This volume includes Nb bub-
bles, each occupying a volume Vb. The control vol-
ume is bounded by two horizontal surfaces with
surface area Abc, and height V =Abc. Gas bubbles rise
perpendicular to the surface with velocity ub.

Within the time period dt a number of
Nb;out � Nb�Abc=V �ub dt bubbles will leave the volume
V . Hence, the volume output is given by

_Vg;out � NbVbAbcub
V

�1�

where NbVb=V is the gas hold-up e. The gas volume
entering the lower boundary of the control volume, is

_Vg;in � u0gAbc �2�

For steady state operation the input and the out-
put of gas volume are equal � _Vg;in � _Vg;out�. Hence,

u0g � ube , e � u0g=ub �3�
Nicklin [6] showed that

ub � u0g � u0l � usw �4�
where the bubble swarm velocity usw depends on the
gas holdup e. Several equations have been proposed
to represent the dependence of usw on gas hold-up e.
Marrucci [28] derived the expression

usw � us�1ÿ e�2
1ÿ e5=3

�5�
by evaluating the energy dissipation of an irrotational
¯ow around a spherical bubble.

Lockett and Kirkpatrick [8] adapted an empirical
approach,

usw � us�1ÿ e�2:39�1� 2:55 e3� �6�
which ®tted their experimental data better than
Equation 5 or other approaches. Considering their
experimental setup and Marrucci's calculations it can
be clearly seen that a normalized form of Equation 5
should be used to compare the measured velocities in
their experiments, rather than the original form of
Equation 5. Equation 5, with a normalized gas hold-
up e=0:74 instead of e, provides velocities close to those
obtained fromEquation 6 up to a gas hold-up of about
0.4. The preferred function usw � f �e� is the theoreti-
cal one of Marrucci, which also provides a suitable
approach for normalization with the maximum gas
hold-up, emax, as proposed by Kreysa and Kuhn [3, 5].

Substitution of ub in Equation 3 by Equation 4 and
using Equation 5 for the expression of usw leads to:

e � u0g

u0g � u0l � us
�1ÿe�2
1ÿe5=3

�7�

This implicit equation for the function e � f �u0g� can
be solved by standard numerical algorithms, for ex-
ample, the Euler procedure.

3. Experimental details

To con®rm predictions of the coalescence barrier
model, which is described below, the gas hold-up and
the rise velocity are investigated in several electrolyte
solutions. Gas hold-up measurements were carried
out in a glass bubble column of 38mm inside diam-
eter and 60 cm height. The gas bubbles were gener-
ated using a glass frit of 10±14 lm pore size. The gas
hold-up e was determined as a function of the su-
per®cial gas velocity, u0g, measuring the hydrostatic
pressure drop, which is a widely used method for gas
hold-up measurements [29±32]. These measurements
of the gas hold-up were compared to direct mea-
surement of the height of the two phase system. The
results of both methods agreed within 5% at homo-
geneous bubble ¯ow and 10% in the turbulent ¯ow
regime. The accuracy of gas hold-up measurements
by hydrostatic pressure drop is De � 0:007; the ac-
curacy of the direct method is De � 0:02.
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Additionally the bubble rise velocity was measured
by an ultrasonic Doppler probe technique [33]
(Fig. 1). The ultrasonic Doppler measurement device
consists of a probe that sends and receives ultrasonic
pulses, an electrical signal processing unit, that gen-
erates sending signals and collects and transforms
frequency information from received signals into ve-
locity data, and a personal computer, which controls
the processing unit. For a time interval of 3 ls the
ultrasonic probe sends a pulse with a frequency of
4MHz. This pulse is re¯ected by a bubble. The signal
received by the probe has a frequency, which is
shifted by Df � 2ubfs=cs. Signals are analysed by fast
Fourier transformation and stored as frequency dis-
tribution at the signal processing unit. A velocity
distribution is computed by the measurement control
program running at the personal computer. With this
apparatus velocities can be measured with an accu-
racy of 1 cm sÿ1 [33]. The ultrasonic probe was tested
by measuring the rise velocity of bubbles having a
diameter of 4.6 to 5.2mm in 2M NaCl. The bubbles
were generated by a capillary at a constant gas ¯ow
rate, which was controlled by a calibrated gas ¯ow
controller. The number of bubbles generated was
counted for 20 s.

From bubble frequency and gas ¯ow rate the
bubble volume and the corresponding diameter was
derived. The mean values of bubble rise velocity
measured with the ultrasonic probe were 22.9 to
23.5 cm sÿ1, which is in good agreement with predic-
tions from theory [37] of 23.0 to 23.2 cm sÿ1. The rise
velocities measured by the ultrasonic probe technique
were found to agree within 10 to 15% with ub-values
derived by gas hold-up data by ub � u0g=e if the gas
¯ow rate was 0.1 cm sÿ1 < u0g < 1:0 cm sÿ1. The de-
viations in that range of gas ¯ow rates may be ex-
plained by errors in measuring the gas hold-up and
the rise velocities (see above). At higher gas ¯ow rates
the rise velocities measured by the ultrasonic techni-
que are signi®cantly higher than the velocities derived

from gas hold-up data, if they were measured at the
centre of the bubble column. The velocities measured
beneath the rim of the column are lower than velo-
cities from gas hold-up data. This points to a radial
distribution of bubble velocities in the bubble col-
umn, as is found in tall bubble columns [34±36].

To study the in¯uence of the electrolyte on the gas
hold-up of oxygen and hydrogen measurements were
performed in di�erent electrolyte systems over a wide
range of concentrations (Table 1). To obtain re-
producible results all solutions were prepared from
p.a. grade chemicals (Merck AG) and deionized and
distilled water. All parts of the bubble column, and
all ¯asks containing the solutions, were cleaned with
chromic acid and treated with distilled water and
steam before use. The solutions were purged for one
hour at a gas hold-up of oxygen or hydrogen of 10±
20%. To ensure reproducibility for each value of the
super®cial gas velocity, u0g, the gas hold-up, e was
measured at least twice. Moreover, multiple inde-
pendent experiments were conducted. The velocity
measurements were made after the gas hold-up ex-
periments had been carried out. Further details on
the experimental procedure are given elsewhere [16].

4. Results and discussion

A typical set of gas hold-up measurements is given in
Fig. 2, which shows the hold-up of O2 as a function of
super®cial gas velocity u0g in pure water and NaOH

Fig. 1. Experimental setup for the gas hold-up measurements.

Table 1. Systems studied

Electrolyte Concentration range/M Gas

H2O ± O2, H2

Li2SO4 0.1±0.3 O2

Na2SO4 0.02±1.0 O2, H2

K2SO4 0.02±0.3 O2

NaCl 0.1±4.0 O2

KCl 1.0±4.0 O2

NaOH 0.01±4.0 O2, H2

H2SO4 1.0±2.0 O2, H2

Fig. 2. Gas hold-up of O2 as a function of the super®cial gas ve-
locity u0g in pure water and NaOH solutions. 0.1M NaOH/O2 (d);
0.5MNaOH/O2 (j); 1.0MNaOH/O2 (r); water/O2 (m).
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solutions. Independent of the electrolyte concentra-
tion it is found that e increases almost linearly with
rising u0g up to a limiting value. A similar behaviour
has also been described by Kuhn and Kreysa [3, 5].

This limiting value, e, shows a distinct dependence
on the concentration and the type of gas [18]. In
general, the maximum value of the gas hold-up, e,
increases with the electrolyte concentration. The
lowest gas hold-up value is found in pure water. The
same behaviour has been observed for hydrogen
bubbles (Fig. 3), but the maximum values of gas hold-
up are signi®cantly higher for high concentrations.
This e�ect is also evident in Na2SO4 solutions
(Fig. 4).

The di�erences observed in the gas hold-up are
probably due to the di�erent coalescence behaviour
of hydrogen and oxygen bubbles, as also found for
bubbles adhering to electrodes [36].

In further experiments the bubble rise velocity was
measured in order to characterize the gas sparger and
to verify theoretical implications made to describe the
gas hold-up. Figure 5 shows the bubble rise velocities
at a very low gas ¯ow rate �u0g � 0:001 cm sÿ1) and
gas hold-up �e! 0� with di�erent Na2SO4 concen-
trations. The rise velocity of a bubble under these
conditions can be assumed to be equal to the single
bubble rise velocity, us, of a bubble originally formed
at the gas sparger without any e�ects of coalescence.

In Fig. 5 a drop in the rise velocity is found for
increasing electrolyte concentrations at c � 0:1mol
dmÿ3. For higher concentrations the decrease of
bubble rise velocity with increasing concentration is
in accordance with theoretical predictions for a
bubble with a diameter of 0.24 mm [37]. This indi-
cates that, for low concentrations, bubbles produced
at the gas sparger coalesce even at gas ¯ow rates as
low as u0g � 0:001 cm sÿ1. In solutions with higher
concentrations coalescence obviously does not a�ect
the size and rise velocity of bubbles at these gas ¯ow
rates, so that the size of bubbles, which are directly
generated at the gas sparger, can be estimated.

4.1. Coalescence barrier model

Conventional models based on the approach of
Nicklin Equation 7 can describe the general depen-
dence of the gas hold-up on u0g. However, the ob-
served limiting values, which in the following will be
denoted as emax, cannot be explained by these models.
According to Equation 7, the maximum should ap-
proach the limiting value emax � 1. The emax values
observed are signi®cantly lower than 1. Obviously,
this is due to repulsive forces which drive the bubbles
apart, leading to a minimum distance, amin, between
the bubbles. The corresponding energetic situation is
shown schematically in Fig. 6. Provided the electrical
charge of bubbles, which has been measured in
carefully puri®ed dilute electrolyte solutions by Fukui
and Yuu [25], Brandon et al. [26] and Kelsall et al.
[27] is also present at higher electrolyte concentra-
tions c > 10ÿ3 M, an electrostatic repulsive force be-
tween bubbles should exist.

Fig. 3. Gas hold-up of H2 as a function of the super®cial gas ve-
locity u0g in pure water and NaOH solutions. 0.1MNaOH/H2 (d);
0.5MNaOH/H2 (j); 1.0MNaOH/H2; (r); water/H2 (m).

Fig. 4. Gas hold-up of O2 and H2 as a function of the super®cial
gas velocity u0g in pure water and Na2SO4 solutions. Water/O2 (j);

water/H2 (h); 0.02MNa2SO4/O2 (m); 0.02MNa2SO4=H2 (n);
0.1MNa2SO4=O2 (d); 0.02MNa2SO4=H2 (s).

Fig. 5. Single bubble rise velocity of O2 and H2 bubbles as a
function of the Na2SO4 concentration at constant u0g � 0:001
cm sÿ1. Experimental data: Na2SO4=O2 (d); Na2SO4= H2 (m).
Calculation of us � f �c� for db � 0:24mm using an equation given
by Jamialahmadi et al. [37] immobile gas-liquid interface (Ð±).
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Based on these considerations the coalescence bar-
rier model proposed by Kuhn and Kreysa [3, 5] leads
to the following modi®cation of the Nicklin equation.

e � emaxu0g

u0g � u0l
emaxÿe
1ÿe � us emax

�1ÿe=emax�2
1ÿ�e=emax�5=3

�8�

where emax appears as an additional system speci®c
parameter. As an example Fig. 7 shows experimental
results and curves generated, using optimum ®t pa-
rameters emax and us. The experimental results are
well described by Equation 8. However, the values of
the single bubble rise velocity us;cbm evaluated from
the ®t, deviate signi®cantly from the values us;exp,
measured with the ultrasonic technique.

Figure 8 shows the dependence of the ®t parameter
emax for O2 on the concentration in di�erent electro-
lyte solutions. The maximum gas hold-up, emax, shows
a correlation with the electrolyte concentration, c,
which can be roughly approximated by a straight
line emax � a1c� b1 for 1±1-electrolytes and
emax � a2c� b2 for 1±2-electrolytes, where b1 � b2

� 0:2 and a2 � 3a1. This indicates that a unique linear
correlation between emax and the ionic strength
I � 1

2

P
all ions i ciz2i exists, as shown in Fig. 9. Although

the ®t is poor, this correlation supports the idea of the
existence of repulsive electrostatic interaction between
gas bubbles as the main reason for a coalescence
barrier [3, 5], but the Debye-length in a 0.1M solution
of a 1±1-electrolyte is as thin as 1 nm and it is therefore
not likely that an electric double layer will hinder
bubbles from coalescing or even drive them apart.

Both the coalescence barrier model and the con-
ventional models imply the existence of a unique
bubble rise velocity, us, independent of the gas ¯ow
rate per unit area, u0g, neglecting coalescence of bub-
bles. Figure 10 shows normalized bubble rise velocity
distributions of O2 in H2O and 0.1MNa2SO4 at three
di�erent gas ¯ow rates. These results clearly indicate
that the rise velocity is not constant. In both systems
the maximum of the velocity distribution shifts to
higher values with increasing u0g. In pure water a sep-
aration of two maxima of the ub distribution arises at
u0g � 0:2 cm sÿ1. Moreover, in both systems, on in-
creasing the gas ¯ow rate a broadening of the dis-
tribution is also evident. These experimental ®ndings
suggest that us depends on u0g and cannot be con-

Fig. 6. Coalescence barrier model [3, 5].

Fig. 7. Fits of experimental gas hold-up curves using the coales-
cence barrier model Equation (8) of Kreysa and Kuhn. System:
0.1MNaOH/H2 (j); ®t parameter: emax � 0:226; us � 10:6 cm sÿ1;
experimental value us; exp � 3:9 cm sÿ1 (ultrasonic measurements).
System: 1.0MNaOH/H2 (d); emax � 0:519; us � 10:6 cm sÿ1; us;exp
� 2:5 cm sÿ1.

Fig. 8. Dependence of the maximum gas hold-up emax of O2 on the
electrolyte concentration c in di�erent solutions: Li2SO4 (m);
Na2SO4 (d); K2SO4 (r); NaCl (j); NaOH (h).

DYNAMIC MODELLING OF GAS HOLD-UP 315



sidered as a constant parameter in the Nicklin
equation (Equation 7) or in the modi®ed Nicklin
equation (Equation 8). Evidently coalescence events
are involved in the ¯uid dynamics of bubble ¯ow and
have to be considered in a comprehensive model.

4.2. Coalescence zone model

A new model which takes into account the coales-
cence of gas bubbles, leading to a distribution of the
bubble rise velocity dependent on gas ¯ow rate u0g,
has been derived (Fig. 11). From ultrasonic mea-

surements (Fig. 12) it can be seen that coalescence
mainly occurs within a small zone above the gas
sparger [11, 17, 19]. In this region a higher gas bubble
velocity is observed due to the existence of a liquid
circulation ¯ow which promotes the coalescence of
bubbles. Above the coalescence zone a homogeneous
¯ow regime prevails (Fig. 11).

In the zone with homogeneous bubble ¯ow a
mathematical description of the gas hold-up behaviour
is provided by the conventional Nicklin approach

e � u0g

u0g � u0l � us
�1ÿe2�
1ÿe5=3

� � �9�

where us denotes the mean bubble rise velocity. This
term depends speci®cally on the interaction of bub-
bles in the coalescence zone. Modelling of the coa-
lescence events is based on the kinetic impact theory
[14, 17, 21]. The mean bubble rise velocity is calcu-
lated from the bubble size distribution Equa-
tion 10(c). At the lower boundary of the coalescence
zone �z � 0� it is assumed that bubbles of identical

Fig. 9. Dependence of the maximum gas hold-up emax of O2 on the
ionic strength, I , in di�erent solutions: Li2SO4 (m); Na2SO4 (d);
K2SO4 (r); NaCl (j); NaOH (h).

Fig. 10. Normalized bubble rise velocity distributions of O2 in
H2O and 0.1MNa2SO4 solution at di�erent super®cial gas velo-
cities u0g.

Fig. 11. Scheme of coalescence and homogenous bubble ¯ow
zones in the bubble column and liquid circulation ¯ow.

Fig. 12. Ultrasonic measurements of the axial pro®le of the bubble
rise velocity, ub, system: 0.1MNa2SO4=O2 at di�erent super®cial
gas velocities u0g: 0.6 cm sÿ1 (d); 0.2 cm sÿ1 (j); 0.1 cm sÿ1 (r).
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diameter db;1 with rise velocity us;1 are formed at a
concentration cb;1 which depends on the gas ¯ow rate
u0g. A certain number of bubble classes, each char-
acterized by a distinct value of the diameter, db;i, the
rise velocity, us;i, and the concentration, cb;i, is de®ned
within the coalescence region �0 < z < 1�. The con-
centrations, cb;i, are balanced by birth and death
functions describing the disappearance and emer-
gence of bubbles due to coalescence:

For z � 0 : db;1; us;1; cb;1
0 < z < 1 : db;i; us;i; cb;i

rh � k exp
db;i � db;j

2db;i�db;i � db;j�
� �1:5
" #

� vc 1ÿ z
l

ÿ �
vc

����������������
2ÿ z

l

ÿ �
z
l

q
� �us;i � us;j�=2

�di � dj�cb;icb;j �10a�

dcb;i
dz
�

X
rh

producing species i

ÿ
X

rh
consuming species i

�10b�

For z � 1 :

�db �
P

cb;idb;iP
cb;i

; us �
P

cb;ius;iP
cb;i

�10c�

where vc is the velocity of a circulation ¯ow observed
above the gas sparger. This velocity can be calculated
using an equation by Zehner [9, 16]. In Equation
10(b) the expression k exp��db;i � db;j=2db;i�db;i�
db;j��1:5� gives the probability of coalescence for
bubbles, which are already in contact, where
exp��db;i � db;j=2db;i�db;i � db;j��1:5� is the term which
represents the dependence of coalescence probability
on the size [13, 22] and k is a system speci®c para-
meter, which depends on electrolyte concentration
etc. The fraction

vc 1ÿ z
l

ÿ �
vc

����������������
2ÿ z

l

ÿ �
z
l

q
� �us;i � us;j�=2

is the ratio of the velocity that drives the bubbles to-
wards the centre of the bubble column to the total
rising velocity of the bubbles in the zone of circulation
¯ow. �di � dj�cb;icb;j is the probability that two bub-
bles with diameters di and dj will collide at a certain
level of z (note that the bubbles are not small com-
pared to the length of the integration step; the con-
centrations of bubbles per volume are also assumed to
represent the concentration of bubbles per unit area).

The bubble size distribution is computed by the
following procedure. The initial bubble size db;1 at
z � 0, that is, the bubble size that would prevail if no
coalescence occurred, can be estimated by comparing
calculated rise velocities of bubbles having a ®xed
diameter with measured bubble rise velocities at
concentrations c > 0:1M (e.g., in Fig. 5; db;1 �
0:24mm). The concentration of bubbles cb;1 with
diameter db;1 results from

cb;1 �
u0gAbc

us;1 p
6 d3b;1Ags

�11�

When bubbles coalesce the bubble volume will
change in terms of pd3b;1=6. A classi®cation of bubbles
with diameter db;i according to

db;i �
��
i3
p

db;1 �12�
is introduced.

The change in the bubble volumes due to coales-
cence is given in Table 2. Coalescence is treated like a
chemical reaction and therefore the volume of the
bubbles is balanced similar to the elements in che-
mical reactions by using `stoichiometric factors' mih,
mjh and mkh, so that the total volume of all bubbles
remains constant. The indices i; j; k in Table 2 indicate
the size of the bubbles involved in the coalescence
process according to Equation 12. The index h is
simply a counter which denotes a certain reaction rate
rh for the coalescence between two bubbles with
diameters db;i and db;j.

The parameter k in Equation 10(b) gives informa-
tion about the probability of a successful coalescence
event. Integration of the set of di�erential equations
(Equation 10(b)) with the corresponding initial con-
ditions Equations 11 and 12 up to the upper boundary
�z � 1� using a suitable algorithm [38], yields the ®nal
distribution and the mean values db and us as input
parameters for the Nicklin equation (Equation 9). It
should be pointed out that this model is restricted to
lower gas input rates u0g < 4 cm sÿ1 where the e�ects
of turbulent ¯ow on the ascent of bubbles above the
coalescence zone can be neglected. Figure 13 shows
optimum ®t results for the gas hold-up of oxygen in

Table 2. Balance of bubble volumes for a coalescence event

Educts

i, j

Product

k

Reaction

h

ÿmih, ÿmjh mkh

1, ± 2 1 2, ± 1

1, 2 3 2 1, 1 1

1, N/2 N/2 + 1 N/2 1, 1 1

2, ± 4 N/2 + 1 2, ± 1

N/2, ± N N/2 (N/2+1)/2 2, ± 1

Fig. 13. Optimum ®ts of the coalescence zone model; systems:
xMNa2SO4=O2 x � 0:3 (r), 0.2 (j), 0.1 (m), 0.04 (d); ®t para-
meter k/105 m 6.85 (A A A), 9.34 (Ð-), 17.56 (- - -), 43.00 (± - -);
®xed model parameters: db � 0:24mm, u0l � 0:0, z � l � 10mm.
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Na2SO4 solutions of di�erent concentrations. The
curves calculated were obtained by adjusting the im-
pact parameter k as the only ®t parameter. The ex-
perimental values of the gas hold-up are well
described up to a certain value of u0g, beyond which
the model assumptions are no longer valid. As an
additional result of the simulation, the distributions
of the bubble rise velocities are also available as a
function of u0g. Figure 14 shows experimental and
computed distributions for two di�erent u0g values.
Evidently, the trend of the real system is also well
represented by the coalescence zone model. The
broader distribution of the real system may be at-
tributed to the existence of turbulent back¯ow.

The dependence of the impact parameter k, ob-
tained from optimum ®ts in the system Na2SO4=O2

and K2SO4=O2, on the electrolyte concentration c is
shown in Fig. 15. In both systems the probability of

coalescence decreases with increasing electrolyte
concentration. This re¯ects the impediment of coa-
lescence, presumably due to surface tension di�er-
ences on the surface of coalescing bubbles. The steep
descent with low electrolyte concentrations is in ac-
cordance with the results of single bubble coalescence
experiments reported by Marrucci and Nicodemo
[19], Lessard and Zieminski [21] and Drogaris [22].

5. Conclusions

The gas hold-up measurements of oxygen and hy-
drogen in di�erent elelctrolyte solutions show a sig-
ni®cant dependence on the type and concentration of
the electrolyte. In general the gas hold-up increases
with increasing concentration. In all systems a max-
imum for the gas hold-up is attained at higher

Fig. 14. Normalized bubble rise velocity distributions of O2 in 0.1M Na2SO4 solution, comparison of model simulation and experiment at
di�erent u0g.

Fig. 15. Concentration dependence of the impact parameter k obtained from optimum ®ts of the experimental data of the gas hold-up e of
O2 in Na2SO4 (j) and K2SO4 (m) solutions.
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super®cial gas velocities u0g. In this paper it is shown
for the ®rst time that this maximum gas hold-up, emax,
depends linearly on the ionic strength, I , of the solu-
tion, pointing to repulsive electrostatic interaction
between the gas bubbles. However, the Debye length
is as low as 1 nm in a 0.1M solution of a 1±1-electro-
lyte like NaCl, whereas the thickness of rupturing
®lms is a few 10 nm [20, 39]. Hence, electrostatic forces
and the existence of an electric double layer cannot
explain the dependence of the maximum gas hold-up
on the ionic strength. The measurement of the bubble
rise velocity distribution by an ultrasonic technique
shows a distinct dependence on the gas ¯ow rate, u0g,
as a clear indication for the coalescence of bubbles. In
the conventional models the coalescence of bubbles is
not taken into account. Therefore, a new model,
which considers coalescence events, was developed.
This model is suitable to describe the experimental
data in the homogeneous bubble ¯ow regime in dif-
ferent electrolyte solutions by adjusting only one
parameter, the coalescence impact parameter k. This
parameter can be used to analyse the coalescence
behaviour in electrolyte solutions with respect to
theoretical considerations of the dynamics of the
coalescence process.
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